Summary. It is shown that, when oxygen and haemoglobin are diffusing through haemoglobin solutions, the concentration of total haemoglobin will be constant, independent of the reaction scheme of haemoglobin with oxygen.
A number of Studies on the diffusion of oxygen in haemoglobin solutions and whole blood have been published. Their primary goal has been to describe the oxygen uptake in the lungs and the oxygen release in the tissues. During the last 10 years new interest has arisen in connection with the problems in artificial gas exchangers.
I n oxygen transfer in haemoglobin systems there are three interacting phenomena: convection, diffusion, and chemical reaction. For several geometric configurations and boundary conditions numerical results of equations, describing oxygen transfer in various haemoglobin or blood systems, are available but almost always approximations were made, such as chemical equilibrium between oxygen and haemoglobin, neglecting the diffusion of haemoglobin, or assuming a simple one-step reaction for the oxygen-haemoglobin system. In this paper the influence of diffusion of haemoglobin is studied using an equilibrium relation between oxygen pressure and haemoglobin saturation in the case of:
1. non-stationary oxygen uptake in a non-moving flat film, 2. stationary oxygen uptake in a moving flat film with parabolic velocity profile.
Comparison of computed numerical results, including diffusion of haemoglobin, with experimental results provides some indication coneerning the influence of reaction velocity on the transfer process.
Since the influence of haemoglobin diffusion on oxygen transport depends on the transfer of all (oxy-) haemoglobin species the differential equations used, describing oxygen concentration and haemoglobin saturation, are based on the transfer equations of all species involved.
1. Transfer Equations Diffusion processes are normally described by one or a set of differential equation(s) holding in every point of the medium in which transfer occurs. Many solutions of this (these) equation(s) are possible but boundary values for the particular problem determine the specific solution.
When oxygen passes through haemoglobin solutions it will react with haemoglobin to form oxyhaemoglobin. The transfer of all the species involved in the reaction can be described by:
where
[X] = the concentration of a certain species X, R x = rate of production of species X by chemical reaction, D x = diffusion coefficient of X, = velocity of fluid.
[We will refer to an equation of type (1) for species X as Eq. (X).]
In this paper we limit ourselves to the assumption that in all situations the oxyhaemoglobin molecules remain in the four-heme form.
Eq. (1) holds for oxygen of concentration C and for all haemoglobin species with concentration H~,~ where i = 0,1,2,3 or 4 indicates the number of 0 3 molecules bound to haemoglobin and ] distinguishes the various forms of oxyhaemoglobin with the same number of oxygen molecules.
Taking into account all forms of haemoglobin there is a relation between Rc and the various .RH, z, when Re and R~,,~ are the rates of production by chemical reaction of C and Hi,j respectively: We also assume that the diffusion coefficient is the same for all haemoglobin molecules. When defining b = ~ 2: Hr162 as the total haemo-globin concentration (tetrameric) we now can derive a differential equation for b as a function of time and place. Adding all equations describing H,, I and using (1) we get:
Because of Eq. (3) there is no reaction term left. Eq. (4) shows that in a system where 03 and haemoglobin species are moving and the mentioned assumptions apply, the local total haemoglobin concentration is only affected by gradients of b.
We consider here only situations where b is a uniform concentration at the start. In this case, if there is no change in boundary values of b, no gradients of b will occur and b has a constant value throughout the whole process. The conclusion that b is constant is required for the derivation of Eq. (7) below but also circumvents the need of proving it again for a certain specific problem as was the case hitherto (e.g. Kutchai, 1971a; Kreuzer, 1970; Zilversmit, 1965) .
The fractional oxygen saturation of haemoglobin is defined as
i=0
We can easily see that the summation 1 4 leads to where
i=1i
Thus the saturation may be expressed by a transfer equation as if S were a transported species itseff. Eq. (C) and Eq. (4 b S) can be added to give
) Ot
In addition to Eq. (C) and Eq. (S) we need equations for Rv and Rs depending on C and S. The formulation of these equations depends on the assumed reaction scheme for haemoglobin and oxygen.
The assumption of near equilibrium means that the saturation curve may be used as a second relation required in addition to (9). We may qualitatively understand the meaning of this assumption from following considerations.
Generally we may state according to basic theory of reaction kinetics (Laidier, 1965) that
where ]1 is a function of all terms H~,j of haemoglobin combining with one or more molecules of oxygen (forward reaction) and ]2 is a function of all terms H~,I slowing down the overall rate (back reaction). ]1 and ]2 are always positive.
Defining C e as the concentration of oxygen for Re -----0 (equilibrium) we get
Relation (10) holds when only one O 3 molecule is involved in each reaction step. If there are more molecules involved per step then (10) wil be a polynome and Eq. (11) still holds as a first order approximation.
The assumption of near-equilibrium means that C e --C is smal compared to C e. In this case a significant value of-Be is obtained ony when fl is very large. Indeed ]1 may be large since it may contain reaction velocity constants of large numerical value.
Non.Steady State Oxygen Diffusion in a Non-Moving Film of Haemoglobin Solution; One-Dimensional Problem
We will mathematically describe the problem of a fiat thin layer of haemoglobin solution of thickness d. At t < 0 this film is in equilibrium with a gaseous atmosphere containing oxygen at a partial pressure P0. The oxygen concentration in the layer will be C o according to Henry's law C O = cr Po (12) where cr = the solubility in reel/l/ram Hg.
At time t = 0 the gaseous atmosphere changes abruptly to a Pc, of Pr Oxygen will diffuse into the haemoglobin layer and react with haemoglobin to produce oxyhaemoglobin. In this case Eq. (9) reduces to:
The boundary conditions are: t < 0 Pc, = Pc and C = Co in the entire layer, t >/0 Po~ = P1 and C ----C 1 at x =-0 (the liquid-gas interphase).
aC/ax = 0 at x -~ d because no transfer of oxygen is occurring at this surface. Together with the saturation curve as the relation between S and C, Eq. (13) with the boundary conditions can be solved. The standard oxygen dissociation curve at pH 7.4 and 25~ was used.
In order to get a better insight into the influence of the various parameters on the solutions of the equation, we will make all variables and parameters dimensionless. ( 15) The diffusion coefficient of haemoglobin, DH, has often been neglected hitherto because it is small compared with the diffusion coefficient of oxygen, D~. But on the other hand the molar haemoglobin concentration is usually much larger than the oxygen concentration so that the respective fluxes of oxygen and haemoglobin may be of comparable size.
Eq. (15) is solved numerically following an adapted Crank-Nicholson difference scheme. Convergence of the method is proved both by changing the number of grid points into which the film is divided and by the number of time steps. Typical numerical results of profiles are shown in Figs. 1, 2 and 3. The boundary values are P0 ----0 and P1 : 0.9 arm according to the experiments of Klug et al. (1956) or P0 : 0 and P1 --~ 0.2 arm (air). For P1 : 0.9 there exists a sharp boundary between oxygenated and nonoxygenated haemoglobin. With P1 : 0.2 the diffusion of haemoglobin is relatively more important (see Fig. 3 ) and the oxygenation boundary is less sharp.
Comparison with Experimental Values. Klug et al. (1956) published experiments on the same system as considered here. These authors determined the time for a thin haemoglobin layer to be saturated to 1/3 and 1/2 as a function of hs concentration. Their experimental values and our numerical results are compared in Fig. 4 . We see that the calculated results agree fairly well with the experiments when b is smaller than 30 g~ At higher haemoglobin concentration the deviation between theory ~nd experiment c~nnot be explained by existing uncertainty in diffusion coefficients. Finite reaction velocity in any ease slows down the oxygen uptake as compared to equilibrium situation. The discrepancy between numerical results and experi- The oxygenation front is less sharp when DH :fi 0. The lines indicated by AF1, AE2 and AF s are the places of the oxygenation front calculated by the advancing front hypothesis ments might be caused by finite reaction velocity, by inaccuracy in the measurements, or perhaps by an alternative reaction scheme for the reaction of 0 2 with haemoglobin.
In Fig. 4 the triangles are the results calculated by Kutchai et al. (1971a) . KutchM takes into account the reaction velocity by approaching the 4-step reaction by a 1-step reaction scheme. His results deviate from I t is interesting to see t h a t a t higher haemoglobin concentrations the difference between the calculated results with D~ = 0 and DH --fi: 0 still remains. This is to be expected since the values of D* in (15) are quite i n d e p e n d e n t of the haemoglobin concentration in t h e range studied here (Table 1) I f we assume t h a t DB = 0 and integrate Eq. (15) over the thickness of the film, we arrive at: The values of Do are taken from Kreuzer (1970) and those of D/t from data of Keller and Friedlander (1966) and compiled by Kreuzer (1970) . oxygenated haemoglobin (St) and using relations of S ( y ) and C ( y ) following the advancing front hypothesis provides:
The difference between Eqs. (16) and (18) is that in Eq. (18) 1/~ (01 _ Co ) accounts for the uptake of unbound oxygen. Indeed Eq. (18) describes (within the accuracy of the numerical scheme used, which has an error of less than 0.5 ~ average saturation) the results given in Fig. 3 Table 3 are calculated from ~ig. 3. To be able to compare our values with the results of R o u g h t o n the table from R o u g h t o n (1959) was interpolated.
Here we see t h a t the deviation is getting larger when Glib becomes smaller which is j u s t the opposite of h 1. I n this p a p e r we will not further discuss the deviation between the d a t a of R o n g h t o n and ours. Kutchai (1971b) concluded that the advancing front hypothesis predicts very well the results of Klug et aL (1956) ." This conclusion is misleading. Recalculating the diffusion coefficients of oxygen from his results provides values of Do~ which are not in agreement with the values I~'euzer published in his review of 1970 and Kutchai himself used in a previous paper (1971 a).
Steady-State Oxygen Diffusion in a Moving Flat Film of Haemoglobin Solution; Two-Dimensional Problem
We now consider a haemoglobin solution streaming in a film along a flat plate or between two fiat membranes. In both cases there exists a laminair parabolic flow in the z direction for low Reynolds numbers. In the case of the fiat plate, where film thickness ----d, oxygen diffuses at x = 0 from the gas into the region where the velocity gradient is zero. With the fiat membrane, where film thickness ~-2d, oxygen diffuses from both sides into the region where the oxygen gradient is maximum. In the case of two membranes we will consider only half of the film. Eq, (9) now reduces to: Here again the influence of the diffusion of Hb 4 is small due to the high oxygen gradients.
I n the case of a flat film a p p r o x i m a t e solutions can be obtained directly from the advancing front hypothesis (see also Lightfoot, 1968; Buckles, 1966) , or b y integrating the t r a n s p o r t equations similar to Eq.(17). (1 --S,) 4b (27)
The results are also shown in Fig. 5 . For the case of the flat plate the advancing front gives slightly better results than for the fiat membrane. In this case again the advancing front equations corrected for the physically dissolved 02 provide better results in predicting ~when D r : 0. Lightfoot (1968) introduced, in his equations for the fiat membrane, by intuition a factor i/2 (C 1 --Co) to correct for the physically dissolved oxygen and arrived at the following equation for z* :
Conclusions
We can conclude that for the transfer of oxygen into haemoglobin solution, the oxygen saturation of haemoglobin obeys the same type of differential equation as does oxygen. The conditions are that haemoglobin 9 remains tetrameric and that the diffusion coefficient of haemoglobin does not change with the number of oxygen molecules combined with haemoglobin. Under these conditions and for the condition that grad (b) ----0 at the boundaries, we proved that the total haemoglobin concentration is constant.
We have shown that the influence of the diffusion of haemoglobin has a considerable effect on the oxygenation process. This influence is larger when the oxygen partial pressure at the boundary, i.e. the [02] gradients in the layer, become smaller.
Comparison of the theory with experimental results does not lead to a clear-cut conclusion as to whether chemical reaction velocity plays a role or not. For haemoglobin concentrations lower than 30 g~ there is fair agreement between theory and experiment. Reaction velocity, however, slows down the process and therefore the theory would deviate more from the experimental results. At higher haemoglobin concentrations the deviation is more pronounced. A change in Do2 of more than 200/0 would be required to account for this deviation. Reaction velocity would approach theory and experiment but then its effect should be larger a t high haemoglobin concentrations t h a n at lower haemoglobin concentrations. E x p e r i m e n t s with lower [02] gradients might give b e t t e r insight into the role of reaction velocity. F u r t h e r m o r e , the v a l i d i t y of the advancing front hypothesis is tested when DH is assumed to be zero. F o r m a l integration of the equation involved gives formulas in which a t e r m accounts for the physically dissolved oxygen. The first question, however, is which equation one adopts to describe the system (e.g. DH ----0 or DH # 0) and the second is which a p p r o x i m a t i o n is applied to the solution. Eq. (39) is the same as the second part of Eq. (26).
Substitution of (33), (34) and (36) 
